The purpose of this note is to give a simplified proof of a theorem of Gelfand and Silov in the theory of normed, commutative rings. Let K be a complex Banach space which is also a commutative ring with unit element e, the norm being subject to the conditions ||e|| = 1 and ||xy|| á|[x|| ||y|[ for all x and y in K. Let M be the space of maximal ideals of K. Then, for each element x(E.K, and each maximal ideal MÇ:M, there is a unique complex number x(M) defined by x = x(M)e (mod M) and having the following properties: If, for each value of n, we now choose m as the integer nearest (2/35*)", then, as«->°o, m log (1-5")->0 and wz|log (1-2"6B)|->«. ; hence (l-ôK)m^l and (1 -2"ô")"-»0. This follows from the inequality Ä< |log (1-A)|<2Ä for 0<ä^1/2. We can therefore choose n so large that
The function x = ziz2 ■ • • zn will then satisfy the conditions of the lemma. If f{M) is complex-valued, we can apply the result just proved to the real and imaginary parts of f(M) separately.
